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UNITED STATES NAVAL POSTGRADUATE SCHOOL

Monterey, Califomia ' ﬁ o

Rear Admiral E. ], O'Donnell;, USN'
Superintendent

‘ Dg‘. R. F. Rinehart,
. .Academic Dean ' .-

"A model is defined wherein corrective action may be accounted for in im-‘

proving the estimation of reliability over the usual nominal success ratio. "
Probabilities for correcting any one of K failure modes which may arise are’ M ,

- assumed known within the structure of a multinomial sampling procedure, Mean’ 3'-'4'

reliability is defined as a function of the unknown probabilities attached to

Lo the failure modes, the problem being to estimate this mean,. Other measures . :
.+ - of current reliability are defined. Three different estimators of mean relia-

i bility are defined and analyzed from the point of view of unbiasedness. |
" Explicit expressions for the bias are derived and compared mimerioally for

L a wide variety of choices for the unknown parameters , .Several problem ‘
9 B, E .
¢ .i'" areas for further research are. identified and partial formulatiohs of some ...
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) Introductlon C : ‘_ ' ; ;' - “‘"-*';-l--."-‘

A problem of considerable 1mportance 1n current reltabtltty studies is

WA that of accounttng for changes in reliability. that result, from various
o actions destqned to modify a part or a system. Such modtftcations may v
a8 f:z_‘;range from desiqn ehanqes tn the early states of deveggment to correcttve |

laﬁerved in a test- )

ot e S IR g
SO I g

£ §:x; i 4 i ing proqram at a later stage of development. Any mo which it is i’*
:r 3;% ; assumed that such modtftcattons neVer decrease the mltamnty (probaba- ‘.‘i
t? j;f“ ' ‘; ‘ bmty of successful operation) hes come to be' tltled "reliabmty growth Ch , H;‘
] :gﬂ h g + Despite the tmportance of the problem and the interest n solutions,
s E 2 ',g " ; 4‘ very itttle publtshed research on the toplc of reliabmty growth exists, A"
i i :¢: 2l brtef ltst of some papers on the subject is given in the bibliography. In
: , §f‘§ one reference [3] the writer, along wlth others has developed one model
1 F 'f | ' ; to account for reltablltty growth and several esttmattons problems are dts- -
i : I cussed there 00 'l'hts same ‘model is. the matn concem of the present. report
¥ \ and 1e repeated here for the sake of completeness : .
;;" L ' i Suppose that an ltem or a system 1s to be tested aml“\each test may S
i 'wresult in. success wtth probabtlity P, OF exactly one. of; K, vﬁxed but »~
AN ’otherwtse unspectfted, modes of fauure. 'rhe parame "b s referred “1? |
B ito s the M_;_m_qg_;x and we denote the probabtl“
<E 1 by q1 for 1-1. 2. ceis ' Thus, P, .+ T qt -l and 1f we assume o that 1k o
G 3 : : Wi B . : : 4. _'
’5,“ ‘.N 'ftxed, mutually tndependent tests are to be performed the underlyinq %
,:;; fidg }probabfltty model is that of the multinomial dtstribution wtth parameters § T
% ;; ‘V t*{i‘ ' N, Py ql, e qx Accordingly. we denote the number of observed ',‘f'-f'
i ; :L‘ : .;i ,;§' successes in’ N tests by N while N 1s used to denote the number of
| | 3‘ ‘g, ¥ ‘ . n, obsen'red fauure: of typeg t. | Thus N Nl' . .‘., NK are (marqtnallp) 4
St e sl SR R o ERE ,:'j-"i"".,
3 *:Ei » ' randoh‘ Va{rtables subject to Ithe re ?\p‘,:‘ ‘ . 'f"
ek
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.' may be written as fouows. Let y1 =] if N, > 0 and 0 otberwtse. so that yi f

BE ik In this form we see that current reliability ts the lnltlal rellablltty plue t ha

!

)

-— -

By flxing K in the preceding formulation it is tac!ﬁy assumed that

_" no new failure modes are ever lntroduced Also, it is’ esumed that no e U
’ | corrective action is to be taken untll all. N tests are pertormed sothat |

‘ " our procedures will be based on fixed sample size expertments ‘Having ( _
‘ performed N ”tests it is assumed that each observed failure mode can be. "
‘ classified as to type and that an attempt is then made to remove that mode | i
ok -of failure. However, it is not assumed that a fallut‘ode is necessarily Eﬂ i

‘ . s removed once tt tm observed. Indeed subject to experlence with the ltem gm
EHAT ,_ or system, it is assumed that there 1s a known probabllltv a, of removing: " -
' "t the t mode of failure given that corrective action is taken whtch in tumn’ % e

: - is always taken if and only if the failure mode is observed ., ' '

28 Under the above model, 'th'ére 'ar'e at least three measures of current

z ;{: reliablltty that are of interest-each being approprlate at posslbly different _

: i staqes of development. Plrst, and the most natural, is the actual current . h

reliablltty, say R whlch exlsts after the tests and after the corrective a ¥

.
.\' kin A

" action takes: place . Prlor to testlng, R ts a random varlable of course and

..... s a random varlable that accounts for whethen or not tlret fallure mode - . ‘
i S
% occurs ) Also, let x1 - l tf correcttVe acttcn on the t‘h fatlure mode actually

;' ; removes that mode of fallure and " 0 otherwls K ,l(le"m ETC

"“ T T ' 1k Ty '!., ; TR o v '¢$’ g ‘ o

‘:..j.‘ (l el)s R L p + 'leyiqi I ! ‘:' ' : ‘:.

ARy ‘ i=] R S

v ,J,\’ LR

any fatlure probabtllty that has been observed and actually removed

Reltabtnty is thus not lncreased by a partlcular mode tf elther lt le not o



5 after t e complete testing program when the ectual current &tleblllty is "{;'}"‘
Ty : desired One perfectly strelghtforward way of estlmetlnq ﬂ' 8 to perform T

j N eddltlonsl tests observlnq N successes end use the usual success. .
‘f-'.L ratic /N a8 en estlmete. It thls is feeslble, such s procedure certelnly

o ls on sefe qrounds statistically spesklnq . If. however, ,the cost or evells- -' 0

is ' a ‘t 3 blutv of ttems pmhlblts this dlrect spproach 1t ls nece arv t° adopt a *"‘
t DR b “ . cruder meaaure of current relteblllty end use the results the N tests to _
R e drsw lnference ebout the amount of rellebllity 9r0Wth 009 3‘»“’“ measure

i would be the condttlonel mesn of R condltloned on the observed velues
cf N (1w o 1 - ases l(. ‘ 'l'hls* condltlonel meen, denoted p " 13 derived ‘“ ' ¥

[3]endlsglvenby Wy " LA S f‘, SPT

3 Gern.
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fr%i,? . IR ! e where y1 18 deflned ebcve. Such an sverege hes sn sdvshtsge in that :
o Sdie R
Fifs ‘.,"!-‘ ; o ‘_g‘f‘} by evereqtng ts teken wtth respect to whether or not correctlve ectlon is suc-s
. : ”"H 3 % ' cessful as a functlon cnly of the. felltnre modes thet are observed. In this
Soda okl - B
*:ri! R "‘; ;-;sen__se.; 'pb 1s nct the true current rellsblltty, thet ls success probeblllty,
. oAy ) o
1?) M 3 :\ A f
L
i
i 3 .

. 4 e f ::i blllty. ‘l'he snelysls of both R end p ls the meln concern of Report No qw .
1 i;,! ,% , £ thls study [SJ and wlll not be dlscussed further ln thls report. L B ‘* |
% '; '% ‘ ”r  Athird meesure of curcent relleblllty 1s the unc ondlttonel meen “of the
5 L e f‘?""\"‘:;',;‘-current reliability (which 1s the same as the expected value of p ") and s f'. : '>
‘ i 3f ﬁ \ an "average" tsken over all possible outcomes of the experlment This :
"‘l L A4 . measure of relleblllty is relevant before testing and before corrective action.,

; f" 3 3 Such & quantity would be suitable for sssesslnq the potentlel gain in relia-

: '” : blllty to be derlved fnom a correctlve ectlon progrem o Belnq a true peremeter
L , . " ‘5. in the strict sense of the word it lends ltself qulte well to stenderd stetls- o
i". : : v tlcel estlmstlon tcols ., Itis shown ln [3] .'fh‘,'.trth“ tneen reuebulty ' denoted
oo A i u., is qlven by the formule, by K J , ‘. i {r Y .;,;.‘.T-'.,,,-v,‘ ‘:i:'f;-l-'- ;J;_' e |
T \"-‘ R 4 " ot "', o o) 3.' \‘~",*"-""."'"‘. " ' Xy '
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. quite slmply by, .

; " An exact expression for the expected value of pa was not available in

; sectlons to follow.

K K

o -— - Yaa <N
.3 w=p, *+) 29 121 59 ql) ;
~ €] o A=

.. -

References [2] and [3] address themselves mainly to tphe problem of flnd- :
lng estlmator‘ for p under the condltlons stated in the above model , )

c savaral estlm*‘ors are defined in both references and varlous properties |

(of both a posltlve and a negative nature) are dlscusded. Three of these Sl
are of lnterest in the' present study and for the sake of deflnlteness the

- notation of (3] (whlch does not always agree wlth t‘.t of [2] even for the

£ -0 Y
k . s ’(

same quantlty) will be adopted P R I e XA .
The. maxlmum llkellhood esttmator for u ls denoted p3 and‘ ls deflned {" g

" -.’s L.
{ .

r"'

a0 "3'#“1. °1-;,-‘- Z ;,‘( ")

(3] although approxlmate expresslons were derlved 'rhls created some

: 'llmltattons in comparlnq p3 with other estlmators on an equitable basls . ,‘ ‘
* One of the purposes of the ‘present study ls to resolve thls problem of ~ '
_ exact expresslons for the moments .. The results are prasented in the .

\‘ <
P

Another estlmator, derived in [3] to meet the reQulrements ot unblased-r
ness, 18 denoted ps and is: qlven by the expre.uon , o a8 %

‘.y o
|.

'l E’B(ps);u .ls' glven qultg
{ l ‘ ;
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$;‘ It should be noted that p5 is not unbiased and indeed it 1s shown in :
," & 3] that no unbiased estimator for .u exists. However, the bias for ps
) R
<y '§‘f‘§ { i may be so small as to be neglibible and this will be ﬁerified in Section 3
’;,‘éii 3 Mg - ' et . ‘ Y
A T tetallowy G T, T
. t: b g R
N Por reasons peculiar to the Navy, a third estimator for » has been e
BN g2
A N
3 %‘:.E - L% 2
Sias fri
o ol A
e T The mom?zn ‘of{ é are easily computed *and the hias is accordinqu qiven
i \‘3'3"’* S, K *.*5-..".(* SR e
i 08 ey = - a4 Ninq) W71 A PR | |
i : v ‘* It lhould be’ observsd that the bias of Pg 4 is always neqative 8o that p6

v; is a "oonservative" estimator. However, it may be that the amount of bias
is serious enouqh to discredit conservatlsm in some cases’, ' Several samples
dle ,, 5 admitting a wide varietv of choice ior the various parameters in the above -

) i ‘; ,tr. ‘model, ara delineated in (2].: However a simulated version of the random
o variable p " 18 used as a reference point rather than & , no results reqard-*
'. ? inq p5 are presented and, for reasons mentioned previously, the moments
:- of Py a are omitted from discussions . An axamination of the behavior of all
d!othsse alemen’tp for the same examples constitutes another portion of the

R B
S present study. Results are summarized in the following sections . R AT
i 12, Maximum Likelihood Estimator TR :‘}"" "' | X
u ‘j : One of the common features of the two estimators ps and p(. defined
', PR in Section 1 48 that no credit is given to failure modes that ocour only once. g
: ik ‘ ;i " This is eatily seen by examining aquations 1; 5 and 1.7 where, if N *0
7’;’ i i 2{4 “for. any given i that term involving N1 vanishes and therefore doss not .
,f-‘f::i- :(""f‘{lhl‘,'v" \'_ i vl
B P00, Fud affect the valua of the estlmator. -Fcr small sample .sizes this is somewhat
2 mag e v ik T REETE | ) ] \.“..5
M X W R SR ._,.‘ i £ % L ‘ OO, B .“ " L ! _‘ , i o v b 1 o
e B ERE g5, Ly el i i !
b AR W R BT Ly R G 5 Tl
% a . POy B -'.{;-.‘;I’_ ) i ‘5!,‘_,"'} T x t.': f ¥ .:.'A‘ = R
e . JI T LT g £ o S 3N i
:‘ " ! ; b o i .‘. : !3.,5:" 2 ’ . ‘)- \'- v ; r - ' :
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e undesirable since such a procedure appears to ignore soéwe of the mfor-

et mation in the sample. This may be the price. one pays attemptinq to
& avoid overestfmatinq 1 which was a requirement oonetantly kept in mtnd

:3’-'.'. 1n denving p5 and p6 It should be- noted thet the maximum likeuhood

Bois 8 esttmetor doee not have tbte perttculer feature end ovexy oocurrenoe of a
: ' fauure mode is allWed to tncrease the esttmete of ;, ) see how the
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' " Stlrllng numbers of the second kind Thls form may be more epproprlate '
.' ‘: | for some purposes than the. one given. As before, ﬁndlnq E(pa) reduces ! :
oE e to being able to write the’ general mth moment of the blnomlal distrl-
| * bution explicltly The expression of the latter m terms: of Stlrllnq numbero ': A
" .. does not seem to be wldely recorded and ls stated below as a theorom ﬁor i “l
D 4 ',' the reoord. Wltp reqard to the proof. we follow the nqtatlon of 14) so ‘ ¥ KT L
v | Ey thet, for posltlvﬁ lnteqers k- and Tk (l‘)_ k(k-l) ---(k-rﬂ) -(kk;‘ “
"k 2r and ls zero 1£ k < r, & denotee the r Stlrllnuumber of the
| second klnd of order k g bl e : |
) Proof- Let. m be any posltlve lnteqer'r By deflnltlon}[,"’,
r' - ¢ .
| so that, ‘
I8 tab L ; T L
. ; k n-k ‘ Bk
k(') . 0 1f k < r we may slmpllfy f“’t.}}‘f} : , ;: |

o
o Ay
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k. '.i‘ lated results may be found in the appendix Section 5', Qn example is de-

.f"'.;'p3, ps, p6 are recorded as well as the bias in each case. In addition, .%.-,:.\,
.. the value of p* determined by computer simulations in [2] is given for ‘1", v

" the true current reliability is, prior to the experiment, a random variable.

Returning to the bias of p3 given in (2, 2) it is difficult, because of the ;
.complexity of the expression, to make general statements, Certainly p3 '

i

may both overestimate as well as underestimate p . A 3imple example ' = ;
shows this. Suppose N=2, K=1, and =1, Now, 1fq/=.9, thenu=.991
while if ql : .l then b= 919 ,° . In either case E(pa) /is qiven by .975 g__ ';E

so that in. the first pase (pl n .9) b(ps) = = .016 ancl in ‘he second case '_. e

- .
- AR e

b(pa) =+ .066 More cases are treated in the next section. j ek ,
’ | "’ . i : “ 0 . ‘,- 1 ,.._:', 0 ..", % ol :‘..7. ' "3‘1 “ : s 8 ‘. .‘.:. {-’%:":;- Gt
A3 Numerical Gomparisons .' by j?"' & IR s

To gain further insiqht into the results of the last section as well as |

' to compare these results with’ those previously obtainei in [2] and [3] .
it was decided-to examine special cases numerically. ﬂ’or this purpose -
" - the examples doctunented in [2] were used, Such examples allegedly

cover a wide variety of cases that are of practical siqﬁificance. The tabu- ), H

fined by specifying the parameters K, p r qlr qZ' o ., Qx Nine such

| specifications are given. However, in each example, e parameters

T 8 L r, °k as well as N. are further specified to provide fifteen ..
+.-cases in. all. In reality, then, 135 examples are treated in the appendix., : _
' Por each of these examples Y the moments of each of the three estimators '

L8y

b'.

"..;'"':';':reachexample. | y ST e L .:_: o )

We previously remarked in Section | that p g the conditional mean of

PN Even after the experimental results are known, moreover, the value of p il .'. |

o

s still cannot be determined because of the unknown parameters Py ql, oo ,qK
B e A which enter explicitly in its. formula oIt is shown in [3] that the variance
) F' of p converqes to zero as N becomes infiniter Hence, for larqe N,
,'Uf."", the values of p (whatever the experimental outcomes) and ", its mean,
sy should not be significantly different;. The. tables of - §ection 5 show that
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these two quantities differ by very little even for moderete values of N-v-
at least for the examples treated ‘What this means of course, is that '
~any estimator we choose for estimating b, _a parameter, can effectively ¥
be used also as a oredictor for p ’ a random va.riable. !

As for the maximum likelihood estimator, p3, ‘the tables reveal that
 the bias s positive in practicelly every case investigated. In some cases,
Bxamples 3 through 8, the amount of positive bias is "ﬂous enough to

make its use doubtful of course, we are speakinq hégg Biily of unbiased- ‘;*’
nees asa criterion for choice. Recalling the original pro em, one 18 :‘i, ff‘

attemptinq to take credit for corrective action in updatinq reliability over .
the 1initial state of nature Pg Positive bias indicates a tendency to take - ,

ki more credit than is due and such optimism can be’ very misleading as to

the potential worth pf such a testing program. : From this point of view, p3
has little to > offer the experimenter. The result is not too. surprisinq since .
maximum likelihood estimators tend to be biased. Moreover, it is difficult
to justify the maximum likelihood criterion, for which: p;is the Optimal e

o
e

; choice, as one to adopt in the present circumstances &

‘As f“ L unbiasedness alone is concerned it is here reiterated as in T
[3] that p5 is. "effectively" unbiased. Indeed in every single example 2_;

Clen

treated the bias of. Pg is zero to three decimal place comp tation, ‘Not :& _

one case arose where the result was different from zero. S8uch a situation -"'-"_'f_.-;
‘18 not surprising for large values of N ‘as brought out in (3] but for small

.i'f values of N the same result is somewhat surprising and helps support p5

‘ as an important contender for use as an estimator for u ) , : S
It was anticipated that p6 would underestimate M since it was defined '

i : . in such a way as to have this property. The amount of bias is somewhat
T ’; y serious in several of the. examples (notablyl 2 4 and 8) As remarked
SRl e E_ previously, the price for conservatism mey be ' hiqh. Certainly we wish

. to avoid overestimatlno, at the ;me time we s ld not want to be unduly
4 severe 80 that we certainly wis fo take credit J corrective action .when e
. .-'. o % ‘5 ":_,' ¥ ,3 : .. ': w.q .,'H :: [ .-':..:{ . i ).f' -
L such credit is due, 32k Sty A ks -~
T e ,:': i "'.”'iv;;.’- i R e ‘.'T‘j‘ 30 )
DA I Tl ey
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As a ﬂnal remark we note the following 1nterestlng result in the

' examples. As the a,'s decrease, it is noted that for ﬁ:;ed N, the bias ."'

i
approaches zero (from either side) ., This means that as’our ability to
remove the cause of a detected failure decreases so too our tendency

to overestimate (or underestimate, as the case may be) deoreaaee .

" 4, Topics for Further Study U o
It is concluded that the matter of unblasedne'ss fér the model treated . |

in this report is settled, Ps _ . -

- amined and certainly p3 should be rejected on this basis . However ,

is preferable to the three estimators ex-

_— _;}tig.r* .: L,

&s previously remarked, unbiasedness is but one criterion, It iswell . . .°
known that a biased estimator is preferable over an unbiased one if lh'e ey
variance of the former is suificiently smaller than that of the latter. Thle
suggests adopting mean 5quared~error_-as a criterion and oomparlng Pge

5 and Pg ON this basis,

In [3] the variance for p6 has been derived and is given explicitly
at least up to higher order terms .- No such expression is yet available
‘for Pg although some (umpubllshed) computer slmulatlons carried out in con-
nection with [3] indicate that the variance of Pg dep;éases rapidly with

ﬁh b

_ N. Clearly, the variance for Py can be W dowmalong the lines of

R

the first moment as derived in Section 2 although the: lgebra involved .
~ may be somewhat unwiedly. In any event, numerioal &ques can certainly

: be obtained for such as the examples treated in this report. With such tools

at hand, the three estimators could then be oompared on a mean squaredk .'
error basis, , . o :
Sinoe p is a well-deflned functlon of the unknown parameters 1nvolves, ', .
-another problem suitable for investigatlon 18 that of ﬂndlng a Bayes est{ﬁxator "
| for w . Some a priori assumptlons about p ql. oY) qK would of courque
have to be made and the results judged accordlngly. Such an estlmator sh'%uld '
then be compated wlth the other candidates as to unblasedness ‘. mean squared

fLowe 0 1 p .\ A ul «l,,; : P ,a(‘.
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As yet, little progress has been msde within this model in the _
direction of confidence interval estimetion . In no smell part, this is
due to the comp‘lete lack of distribution theory with regard to the esti- e,
mators treated . It would be most desirable to study the problem of find- gt
_ing a lower one-gided confidence interval for u . Even’ epproximate re-

: ' , _ sults would be bepeficiel to the present state of the art, | Vel
R A || enother problem worthy of investigation is a re-examination .
g "Q.:'-“}f of the model itself. In spite of its reasonebleness smn& aspects of the -

model ere somewhat confininq. Most notably, the mq ‘of allowing . “‘M“

feilures to eccumulete until all N tests are performed K ,be intolerable ’“ :
in some prectical situetions . It mey be far more reesonebfe to stOp test- I ‘u

¥ "-
.7’Q\.‘

inq ss soon as. e feilure is observed ‘take the necessery correctiVe ection, 3 »,M;{ii

Mo fid -

. ‘.'., _j; : then proceed es before until the. next feilure occurs, Such a program of '
S testinq would thus involve several stages . Ina given stege, the sample .
o) Ry obteined would be a sample from a qeometric distributioh (having observed
"'.' B . - Bernoulli trials to first feilure) but the parameter cheans from one stage

‘!

3 , to the next if corrective action is successful. Again, vprious quantities - "

releted to the growth in reliability could be examined under this model . ,

_ fzv A model similer to that just outlined is presented in a report [1] i

"; = ¢ which eppeared recently in the literature. A brief exeminetion of this re- E -
! g port reveals several shortcomings which will need to be overcome before
| ‘ " ‘ “ } the usefulness of the results can be assessed. In eny case the work pre- &
” Y o “sented there should be more closely examined if further study elonq the : ;%“ .
»’ unes presented above is pursued- R P e
‘5 _"I-'"f.’ i The tables to follow summerize the numericel results which are anelyzed
#4775 in Section 3. The tables are self-explanatory with ali of the notation con- 4
: 1 ." sistent with that previously adopted in this report. The examples were
’ L  limited to those evaileble in (2] in order to avoid computer simuletions =
? | e ,':\ ':. needed for, eveluating p . Otherwise, any number of further exemples mey

be defined es in the tebles and the correspondinq entries eesily computed.
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 ExamPLE __L N
K=9 p, = .0 ~
q = Q= ...=qq= .10
] a, * 1.0 a = 0.8 a = 0.6
10 {25 50 100
-744.815 .8204313].431|.594 |, 635, 64
.686(.935.9941.00/.395]. 569|.764.816] . 820 321{.4%2]. 601 [.637}.64¢
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4=4q,= - “‘mo. 009
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2821 426(.6361132 {.162 .244.358.533 124

140 |.178 | 282} 427].636].132].162 .244362 .528 }124],147}.209

| 1713.708}719 |.7'53..814'.590L.583.59' 623,671 1468.462.47]

573,525 437|.326.178 .458].421 .349;261 143 1344,315].262

140 |.178 ,282[427.636 132|162 }.246.362].528 [124].147]. 209
blpdllo |0 fo [0 [0 o qk‘o’ o jo-Jojojo Jo lof
Elpg) i3z [.170 1276|422 632L.126].156 .24 .358[.526 |19 |.142]. 205
. . ¥ [ ~ T‘li ¥ v |
Ib(p') 008}.008 1006} 005,004 |.006/.006.,00 .,004L.ooz 005.005.004
# - indicates 'negatilv;e' value '
: TABLE _ 3 | !
16 3




e ol i W -

Sy

¢ I
; .
cm : T
N "
Ui 5 i
yoro
Y
‘,
’ .
¢

Yy = +20 979705 20 G .= " .004 qm ... =g, =002

(,426{,545[.653.67

494!.6§7‘.7aa .819].839,415 .5_45l.650 .674.

302’ 184 |.117.109 '.697'.24z|.148‘.094.de .078}182L111

] 796, 841 |.904.926 .9ae.ssi|.693|.74 .7;64 .769] 518|545

494.657 ,784.819],839,415].545].650.679.691 | 336,434

0o {o oo o'o oo .'oﬁiO'o o lo |o

441].634).784.819 .839.373.527, 64¢ .s7é.59 054201511 |s3]
ol A A M ARE
053,023/.004 0 | 0 04 .018 0074'0 o_Joailoralooz joor| of

-‘.'

A : v “‘ .‘: ol | i, E { . . 3 b . '. SNl ', ) . ,

]
. ’ N
I B
] N " b L.
§ criig W OCNE kL S el S '
3 TR Vo ' -
: o U TABLE - 4
T = R . 1 v . B 'M
i 3 . X
e . oy , L [
» o - b 3
‘ : --I
> q 1 X3
8 b . 7
=l i) : !
> ~*"' R e ‘
. L} » : '
= ' a i "
(0] i
g 170 o



'."3.‘"&: .

ExampLe _ 5 . | .

i

e u«

" Ggo = 005 &

.. 1-0 : a- = 008 . | | a

25 50 100

.503.599.714 .213..'.304.'418 . 49! j.586 .18'"*.2 338

.244.328f385

|.728].77 .eo's| .840},595 .sos.sse .664.6921471(,477.5021 523

N.246l.339 ;479|.s7'5.;6'sz .21_6'.'292..403.4ad .5661187

47&3.89 291 .234 158 .3?9,.311 .233.184 .12§ 128 .234.174 138 &g
+339}, 47 .574.682.2’@.292%40 .480.566}187|,244,328 385|566

o Jofofoololofolojololo o |o

) .324.’474.5721.681 197 .279L394.'47a.564 173 ;“234.324 383
43~45|5_3r-j# I-#J * % . ¥
.015],004.003/.001 Lolg .013 004.0 j.ooz 014], om 10041002

vea S

.' f".'
Caged e A AR L
K}. AT, ‘

R - i ".', i K o y “\‘_ ! e | ; ‘
# - indicates negative value . By ég* T 2 G bt 300 30

: RN :
A o L aclhiry LR F X
Ry g . 3
i g 3
- . pias o
R - ik &
f ' AL R o} ? |
. v i s ] 3 :
| | , TABLB !
' F s
v S Sl -
q 3
' O
yoog e ) ) AR ) ‘ .
o o “ : B - .
PR s R
£ S RS y 5
v } -
. .1. L ‘ o i \ .ﬂ X
i ;a8
Todti . : s
I 2 . T Y
¢ g i . :’
4 \ oy o )
! ’ » i v“’f
AR : - )



4
b

1igy 78

.
o 1
) 1]
v
S
: R 3 *
0 .l
I' , o [T
o) »
K H
L4 g .
o A OO
) % ‘
. ‘ - 5
-y . ey
G dra o o
NP ' A
N oA
NIk v
o8 ']
Yove -
el X
LN o}
. ¢ ".
._a-\" 0 it ]
. .
Ve, &
i N
"
.
- 1
Wi
-
d
‘
\
b
all 3
L |

o

T 0 K= 1000 By = 10

= 1,0

_a‘

——

= 0.6

108

10

.-.. 1

1120

25 | 50

140

100 |

177

.103

16

132

25 50 100

162

10

1102 .10

25

112

124

50 100|

" |bteg) f. 60

104

108

120,140

177

103

116

132

162

.10’4 10

112

J24

.689

.585

564,565

.464.45:

.448

.449

'B"p')' .706.688,680].681

580

560[.541

512

462

.444.43

3

571

,409

.36! .34¢

+336

.3

25

307 -

[Etpg)

104

108

140

177

103

116

5132

162

,102] .10

112

124

14

blpe) ‘0

0 .

120

olo

o .

0

olo

0

ElPg) | 103

107

119

139

A77

103

:115

J131

161 ..’-fiozi'.lo

4.u2

123

0

]

¥

ﬁoonl

0

#

0

oL

~
»

¥ (¥ f
Pg[Loo1].001 |.001{.001]

#_ 1{"‘“‘?#‘;‘ ni.;geuva' value i)

001

001

aopl-

Ji Ay
1] W

.0

a4d



a, = 0.8

.615).639l,672.733,.606

25 50

.613 1.631/.660l:706 | 609 .6

100

.616|.'636|.67J.732 .606

.613].631|.65d.706 | 604.

.864[865-.872'.8‘86.8'16

.811 |.812}.817

.829 | 76225

.2481.227].199/.154]. 210

198 181 |.159

J123 15711

616 1,638].673.732).606

o 0 0

613 L 6311,656|.706 | 604. 60

0 Jofo]olo

611 |.62d.657

.o..’ - 9 .
.705 | 60

E(Pg) || 606].614 .637].671|.731]. 605

# - indicates ne’ﬁéﬂye {ra;uer

i ¢

. e [ '
2 e
1] f {dosf
. '. y o
.

SR
o

4002t o1 fooafbogfor
.00 .002,001}.002{.001 1.001}.002,.00 :001

l-001 Joosf 0 [oo

3
5t , v ot

; %
! ¥ A d
0 t ! v : A
b ¥ i) i
{ () ) * ) i
. vt g I3 i .‘
Ly .
’ ‘i, J { A ! ) ‘
e K0 'f’ g ;
! Tadih 0 . v
) H “
y : .
. . = o
F 20 N

e 0
T

B et B

'ﬂ-"“-‘;- 2 %" 3
PRI '. L _‘—__.: )
4

e

L &
-f—f‘vv s,
IS o ot 3



A g

Ll AAS TR RIS GNEEY

& .

& | &
N - S
i . ",‘ > ' afo
A {

zu..rgi"x-al.pﬁffﬁo

EXAMPLE .

' ‘ ﬁii .10 qz ey = ,03 q7 . q:n .004 }h Y. \‘001{
2 a, =10 a1 - o_,a .l = 0.6
‘ff} | 25 50 100
3 644, 66
‘ 639664710 742,768
; 774.57 ,785]797}80d
:? ol Loz .orslossload
3 ;eglaéss;zlo 7azl7ed
SN . o lo o] T'
708742764
0 004.002 o lo 2,
I : . PN e i
¥ A indicafu nogative value - .. 1 . % *




K =100

Po

R T

. EXAMPLE

.,l

.90
= ,001

9

vl.'. !‘

i

1.0

L)

4

=

0.8

8

—

= 0.6

}‘ .

S 110

900901

25

.90

50 |100

.904.910

,900

L901

10

25 50 100

1902

.90

.907

10

190(1.901

25

.902

900/.901

.962'.905'.916

900/.901

1902

.904

.908

1900.901

E(pa)
b(p3)

957!.’9‘65

.965.965|.966

954

952

.952].

952

983

939

50

o

.?Ol Tg_gl

940,939,

939

100

90
190

93

067].0_64

.osal.osol.oss

054051

050L.048

045

1040

.0 38'.038

036

03

|E(pg)

9'oo|.90-1

.90

908,910

L900

901

19021.904|.908

900j.901

901

303

906

b(p)

0

0

0

10

0

0

0.

0

0

E(pg)

900(.901

.90

.905.090

900

901

.9ozh.‘9'o;4

.908

.901

0

90§ -

, B(pﬁ) “ 0

# - indicates negative value

0

0

* .

0 |00l

0

0

0

b S o] IS
2 . a v
. RO - E

’ . -53‘
'.,‘ .



B - &%,

6. . Bibliography

(1] Barlow, R.E. and E. Scheuor, "Reliability Growth during a

Development Testing Program," RAND Corporatlon, Santa
Monioa, Caufornla .- : B

| [8] Corcoran, W. T. and H. Weingarten, "Estimation of Reli-
- ¢ ability after Corrective Action on Observed Failure Modes,"

Special Projects Office, Department of the Navy,
. Washington, D. C.

(3] Gorcoi'an, W. T. Weingarten, H. and P. W. Zehna, "Esti-

IR mating Reliability after Corrective Action," Management
m Vol 10, No. 4, Iuly 1964.

[4].Miller, Kenneth S., The galgglus of Finite Differences and
: mw, Henry Holt and Company, New York,
N.Y. . e

[s1 Conditional Distrlbution of True Reliabmty after Corrective

| Aotion," Report No 2 Subproject 3900-3 thls contract.

43



UNCLASSIFIED
Security Classification

DOCUMENT CONTROL DATA - R&D

(Bocurity slasaitisation of title, body of abetvact and indesning annetation must be entored when the ovesnl! repart is e lnseitied)
1. ORIGINATIN G ACTIVITY (Comperate authoe) 28. REPORT SECURITY C LASSIPICA TION
U. S. Naval Postgraduate School unclassified
Monterey, California 26. snevr = '

3. REPORT TITLE

Estimating Mean Reliability Growth

¢ nax.o. Nrot name, inttial)

Zéhna, Peter W. |

6. REPORT DATE : 7a. TOTAL NO. OF PAGES 76. nO. OF REPS
15 January 1966 28 S
88. CONTRACT OR GRANT N.O. fe. OMOIFATO.‘. ARPOART NUMBER(D)
s prosscT NO. 460 5.8 TR-60
o Task Assignment 88423 90 QTNSR RgPORT NO() (Any other numbers hat may be sesligned i
d.
[1 0. AVAILABILITY/LIMITATION NOTICES ' i
"Qualified requesters may obtain copies of this report from DDC."
11. SUPPL EMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY,
Special Projects Office
SP-114

19. A.“THACT
A model is defined wherein corrective action may be accounted for in improv-

ing the estimation of reliability over the usual nominal success r.a_tio. Probabilities
for correcting any one of K failure modes which may arise are assumed known
within the structure of a multinomiéi sampling procedure. Mean reliability is
defined as a function of the unknown probabilities attached to the failure modes,
the problem being to estimate this mean, Other measures of current reliability
are defined, | .

Three ldifferer'xt- estimators of mean reliability are deﬁne*nd analyzed from the
point of view of unbiasedness. Explicit expressions for the bias are derived and
compared numerically for a wide ‘ariety of choices for the unknoWn parameters,

! Several problem areas for further research are identified and partial formulations

of some of these are discussed.

D '525'34. 14 unclassified

‘ Security Classification




Security Classification

14. LINK A LINK B LINK C
KEY WORDS ROLE | wT ROLE wT | moLk wT
Probability
Statistical Estimation
Reliability

Reliability Growth

INSTRUCTIONS

1. ORIGINATING ACTIVITY: Enter the name and sddress

of the contractor, subcontractor, grantes, Department of De-

{::u sctivity or other organisation (corporgte author) lesuing
report.

2a. REPORT SECUNRTY CLASSIFICATION: Eater the over
all security classification of the report. Indicete wiether
“Restricted Data” is included ‘Marking is to be in accord
ance with appropriste security regulations.

2b. GROUP: Automatic downgrading is specified in DoD Di-
rective 5200,10 and Armed Forces Industrial Manual. Enter
the group number. 'Also, when applicable, show that optional
markings have been used for Group 3 and Group 4 ‘as author-

3. REPORT TITLE: Enter the complete report title in all

capital letters. Titles in all cases should be unclaseified.

If a meaningful title cannot be selected without classifice-

tion, stiow title classification in all capitals in parenthesis
immediately following the title.

4, DESCRIPTIVE NOTEE& If sppropriate, enter the type of
report, &g, interim, progress, summary, anmual, or final. .
Give tl.: inclusive dates when a specific reporting period is
cover

S. AUTHOR(Sx Enter the name(s) of author(s) as shown on
or in the report. Enter 1ast name, firet name, middie initial
If militacy, show rank and branch of services The name of
the principal suthor is an absolute minimum requirement.

6. REPORT DATE: Eater the date of the report as day,
month, year; or month, yean If more than one dste sppeers
on the report, use date of publication.

7a. TOTAL NUMBER OF PAGES: The total page count
should follow normal p of procedures, L e, enter the
number of pages cont information

75. NUMBER OF REFERENCESR Enater the total number of
references cited in the report.

8a. CONTRACT OR GRANT NUMBER: If sppropriate, enter
the spplicable number of the contract or grent undet which
the report was written, .

80, &, & 8d. PROJECT NUMBER: Enter the appropriste
militery department identificetion, such as project mumber,
subproject number, system numbers, tesk number, etc.

9a. ORIGINATOR'S REPORT NUMBER(S): Enter the offi-
cial report number by which the document will be identified
and controlled by the originsting activity. This sumber must
be unique to this report.

96. OTHER REPORT NUMBER(S): If the report has been
assigned any other report numbers (either by the originator
or by the sponsor), also enter this gnbc(l).

10. AVAILABILITY/LIMITATION NOTICES Eater any lim-
Atations on further dissemination of the report, other than

DD .52 1473 (BACK)

l-pgud by security classification, using standard statements
such as:
(1) “‘Qualified requesters may obtain copies of this
report from DDC.*’ .

(2) “Foreign announcement and dissemination of this
report by DDC is not authorised *’

(3) “U. 8 Qovernment agencies may obtain
this report directly from DDC. or qual
users shall request through

ies of
eod DDC

(4) ‘U, 8 military agencies may obtain copies of this
report directly from DDC, Other qualified users
shall request through

(S) *“All distribution of this report is controlled Qual-
ified DDC users shall request through

" If the report has been furnished to the Office of Technical
Services, Department of Commerce, for sale to the public, indi-
cate this fect and enter the price, if known

11, SUPPLEMENTARY NOTES& Use for additional explans-
tory notes.

& ‘:oumnco I’IIJ;I‘ARY AC'F“V:TY: Enter the ﬂ::?o of
artmental project office or retory sponso pay-
ing for) the research snd development. Include address.

13. ABSTRACT: Eater an abstract giving a brief and factual

susimary of the document indicative of the report, even though

it may also appear elsewhere in the body of the technical re- |

I':ﬂm l:;:ddmml space is required; a continuation sheet shall
e A

It is highly desireble that the abatract of classified reports
be unclass . Each paragraph of the abstract shall end with
an indication of the military security classification of the in-
formation in the paragraph, represented as (T8), (8), (C), et (U).

There is no limitation on the of the abstrect. How-
ever, the suggested length is from 150 to 225 words.

14. KEY WORDS: Key words are technically meaningful terms
or short phrases that characterize a report and may be used as
index eatries for cataloging the report. Key worde must be
selected 80 that no security classification is required. Identi-
flers, such as equipment model designation, trade name, military
project code name, geographic location, may be used as key
words but will be followed by an indication of techalcal con-
text. The assignment of links, reles, and weights is optional.

unclassified
Security Classification




